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ABSTRACT
In this thesis, we present a model-based observer for inertial navigation of
quadrotors and other multirotor aircraft. We include in our model a Coriolis
term that has been neglected in prior work. Doing so allows us to estimate
the entire velocity vector in the quadrotor’s frame of reference—including
along the z-axis of this frame—with data only from a low-cost inertial mea-
surement unit (IMU), something that has not been demonstrated previously.
An observability analysis predicts that our proposed observer will perform
well. Experimental results over 110 flight trials verify this prediction, show-
ing that our proposed observer achieves lower root mean square error than
three other state-of-the-art model-based observers.
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CHAPTER 1
INTRODUCTION
For several decades now, the well established navigation architecture for
aerospace vehicles has been to integrate an inertial measurement unit (IMU)
with an externally provided or on-board navigation aid. Typical aided navi-
gation architectures for aerospace vehicles have integrated outputs from the
inertial measurement units to produce an accurate a priori measurement
that is then used in an observer that corrects errors in the inertial navigation
system with the help of the aiding sensor [1]. With respect to the inertial
navigation system’s algorithms, much of the work over the past few decades
has focused on reducing error produced through integration methods [2–5].
In particular, research on integration algorithms have focused primarily on
compensating for coning and sculling motion [6–9].
For small aerial platforms, so-called low cost IMUs have been a popular
choice to use in integrated navigation systems due to their small size and
weight [10]. These IMUs have been used in conjunction with ultrasonic sen-
sors and magnetometers [11], lasers [12, 13], GPS [14, 15], and monocular
vision [16]. These low cost IMUs, which are typically also microelectrome-
chanical (MEMs) sensors, are usually characterized by a worse turn-on and
in-run bias stability than tactical grade and other higher grade IMUs. The
turn-on and in-run scale-factor stability of low cost IMUs is typically also
worse than these higher grade sensors. Finally, but not exhaustively, these
IMUs have a greater sensitivity to temperature changes.
Recently, several researchers have proposed using the dynamics of multi-
rotor helicopters to replace the integrated outputs of a portion of the inertial
navigation system with an observer [17–21]. In typical integrated INS meth-
ods, errors propagate due to alignment errors (i.e. modeling the IMU in
an incorrect frame of reference), sensor errors (i.e. various forms of bias
and scale factor errors inherent to the sensors), and computational errors
in the integration algorithm [1]. While these observers would actually pro-
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duce worse state estimates, due to model uncertainty, than the integration
methods for navigation grade or even tactical grade IMUs (given a correct
initialization), the relatively large sensor errors in low cost IMUs allow these
observers to outperform integrated methods. In earlier work, models of a
quadrotor in perfect hover were used to estimate attitude. In particular, the
accelerometers measure the specific force produced by the thrust of the ro-
tors and this was used to obtain improved pitch and roll measurements [17].
Researchers then proposed that accelerometers in the plane of the propellers
actually measure force due to the so called H-force drag. A simplified model
of this force is proportional to the velocity of the vehicle in the plane of
the rotors [22]. This work was originally used for control of quadrotors, but
has since been used for state estimation of vehicle pitch, roll, and veloci-
ties in the plane of a quadrotor’s propellers. It has been shown how this
H-force drag model improves the quality of the IMU state estimation over
both integration methods and the earlier perfect hover assumption [18–20].
Methods have also been proposed to estimate both gyroscope bias and the
H-force drag term on-line with only IMU data [18,19,21]. This work has also
shown that using this H-force drag model performs better than previously
developed models as the correcting rate from an aiding sensor degrades [20].
Researchers have studied how wind and errors in model parameters impact
the attitude estimate of an IMU and magnetometer navigation system that
also uses the H-force drag in its dynamic model [23].
In this thesis, we present a new observer using only measurements from
a low cost IMU on-board a quadrotor. We use the H-force drag model de-
veloped in previous work, however, we also include the Coriolis effect in our
model. Previous work has either completely omitted any mention of this ef-
fect [18] or has ignored it due an assumption that the term is “small enough
to be neglected [19].” One justification for assuming the Coriolis effect can
be safely ignored is that “the vehicle cannot translate or rotate quickly with-
out rendering exteroceptive sensor data useless [20].” We aim to show in
this thesis that the Coriolis term can be used to produce substantial im-
provements over current state-of-the-art observers. This term should not be
ignored, because it allows the entire velocity vector in the helicopter frame
to be observable, even when the vehicle is not translating or rotating quickly.
Current state-of-the-art estimators cannot estimate the entire velocity vector
in the helicopter frame. By using the Coriolis term, our observer can do this
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and produce root mean square errors in the state estimates that are lower
than state-of-the-art observers.
1.1 Outline
In Chapter 2, we describe the dynamics of quadrotor vehicles. Inertial sensor
technology is described in Chapter 3. In Chapter 4, we present three variants
of our observer and three state-of-the-art observers. The difference between
these observers is in their model of multirotor helicopters and inertial mea-
surement units. In Chapter 5, we present the nonlinear observability matrix
of our proposed observer to show how the entire velocity vector is observ-
able due to the fact that we include the Coriolis effect. We also numerically
show how strong the observability properties of our proposed observer are
and compare these properties to three state-of-the-art observers. In Chapter
6, we show results demonstrating the effectiveness of our proposed estimator
over 110, thirty second flight trials. Chapter 7 offers conclusions and presents
future work.
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CHAPTER 2
QUADROTOR DYNAMICS
In the previous chapter, we introduced model-based observers as an alterna-
tive to integration of IMU data. We claim that these model-based observers
can improve the performance of inertial navigation systems for low cost in-
ertial sensors when compared to integration algorithms. In this chapter, we
present a dynamic model of quadrotor robots as it has been presented in pre-
vious literature. This model relies on the well known theory of dynamics for
rigid bodies. The forces and torques in these dynamic equations are modeled
with existing work on propeller aerodynamics.
2.1 Rigid Body Dynamics and the Quadrotor Airframe
Consider the quadrotor system depicted in Figure 2.1. This system has two
defined coordinate frames: an inertial frame
(FW ) and a body frame (FB).
We wish to express the dynamics of this system in the form of
x˙ = f(x, u) (2.1)
where system inputs u =
[
T τx τy τz
]T
are the thrust (T ) and torques
(τx, τy, τz) commanded by a controller to the system’s propellers.
We treat the quadrotor as a single rigid body. It has been shown that rigid
bodies have, in general, six degrees of freedom corresponding to the location
and orientation of the rigid body (see, for example, [25]). We can chose to
represent location and orientation in many ways. However, it is common in
literature on quadrotors to use a simple Cartesian representation of position
and ZYX Euler angles for orientation. The dynamics of a rigid body can be
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Figure 2.1: Ascending Technologies Pelican quadrotor with world and body
frame [24].
described through Newton’s second law and Euler’s equations of motion
Jω˙ + ω̂Jω = τ
F = mv˙
(2.2)
where J is the moment of inertia, ω is the angular velocity vector, τ is the
torque exerted on the body, F is the force exerted on the body, m is the mass
of the body, and v is the velocity of the body. To complete the equations of
motion we use the kinematic relationships
q˙ = v
θ˙ = Sω
(2.3)
where
S =
 1 tan θy sin θx tan θy cos θx0 cos θx − sin θx
0 sin θx
cos θy
cos θx
cos θy

θ =
[
θx θy θz
]T
is the ZYX Euler angle vector, and q is the position
vector.
Due to the quadrotor’s symmetry, several methods exist in the literature
on assumptions about the vehicles moment of inertia matrix that can be
leveraged in modeling and control. It is very common to assume that the
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center of gravity of the vehicle is at the origin of FB and that the prod-
ucts of inertia are zero [26–28]. The diagonal elements are then estimated
through experiment or rough analytical estimates. Bangura and Mahony
have proposed an alternative model [29]
Jxx = mcg
h2cg + 3r
2
cg
12
+ 2mmL
2 +
1
6
mm
(
3r2m + 4h
2
m
)
+ ...
2mrL
2 +
1
6
mr (2R)
2
Jyy = mcg
h2cg + 3r
2
cg
12
+ 2mmL
2 +
1
6
mm
(
3r2m + 4h
2
m
)
+ ...
2mrL
2 +
1
6
mrc
2
Jxy = Jyx = 0
Jzz =
mcgr
2
cg
2
+ 4mmL
2 + 2mmr
2
m +
mr ((2R
2) + c2)
3
+ 4mrL
2
Jxz = Jyz = Jzx = Jzy = 2mmhmL+ 2mrhL
(2.4)
where mcg is the mass of the quadrotor which is assumed to be cylindrical
about the body z-axis with radius rcg and height hcg, h is the height of each
rotor above the origin, mr is the mass of each rotor, R is the radius of each
rotor, c is the chord length of the rotors, mm is the mass of each motor, rm is
the radius of each motor, L is the length from the center of gravity to the hub
of the rotor, and hm is the height of each motor. Of course, when possible to
model a vehicle sufficiently accurately using computer drafting techniques,
most software available will produce an estimate of the vehicle’s moment of
inertia that is more accurate than any of the alternative methods.
2.2 Propeller Aerodynamics
Many of the aerodynamic effects of a rotor can be derived by integrating the
aerodynamic force per surface increment. The lift force, dL, and drag force,
dD, at a point, `, along the rotor blade can be expressed as
dL =
1
2
ρU(`)2CLαα(`)cd`
dD =
1
2
ρU(`)2(CD0 + CDiα(`)
2)cd`
(2.5)
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where ρ is the air density, U is the airspeed, c is the chord, cd` is the surface
increment, CLα is the lift coefficient, CD0 is the parasitic drag coefficient, CDi
is the lift-induced drag coefficient, and α is the local angle of attack [30].
By integrating the lift per surface increment, researchers have derived an
expression of the lift force produced by a rotor
LF = ρcR3ω2rCLα
(
α0
3
− w¯ + L (1ωy − 2ωx)
2R|ωr|
)
(2.6)
where α0 is the rotor’s average pitch angle at rest, ωr is the rotation speed
of the rotor, ωx and ωy are the angular velocities of the quadrotor about the
x and y-axes respectively, w¯ is the sum of the induced velocity and the wind
speed in the z-axis body frame of reference subtracted by the velocity of the
quadrotor in the z-axis body frame of reference, and i takes on value -1, 0, or
1 depending on the rotor under consideration [30]. It is common to simplify
this expression as
LF = kfω
2
r (2.7)
where kf is a constant determined through experiment and ωr is the rotor’s
rotation rate [31]. In a similar manner to the lift force, the drag moment has
been derived as [30]
DM = −sgn(ωr)ρcR4ω2r
(
CD0
4
+ CDiα
2
0
(
α0
4
− 2w¯
3R|ωr|
))
+ ...
− sgn(ωr)ρcR4ω2r
(
−CLα w¯
R|ωr|
(
α0
3
− w¯
2R|ωr|
))
.
(2.8)
As with the lift force, it is common to simplify this drag moment expression
as
DM = kqω
2
r (2.9)
where kq is a constant determined through experiment [31].
Integrating the drag per surface increment produces the drag force, which
has been decomposed into two parts: a parasitic drag term
DF0 =
[
1
2
ρcR2CD0 (|ωr|u¯− sgn(ωr)w¯ωx)
1
2
ρcR2CD0 (|ωr|v¯ − sgn(ωr)w¯ωy)
]
(2.10)
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and an induced drag term
DFi =
[
ρcR3CDiαt
(
w¯
R2
u¯+ ωr
3
ωx
)
ρcR3CDiαt
(
w¯
R2
v¯ + ωr
3
ωy
) ] (2.11)
where u¯ and v¯ is the difference between the wind velocity and vehicle velocity
in the body frame x and y-axes respectively and αt is the rotor blade angle
of attack when taking the induced velocity into account. Typically, a third
drag force, the drag due to lift force, is also derived from the lift force per
section increment integration. This force is the portion of the lift force acting
along the vehicle’s body frame x and y-axis and is expressed as
DFL =
 −12ρcCLα (Rαtw¯u¯+ (sgn(ωr)R2w¯ − R3αtωr3 )ωx)
−1
2
ρcCLα
(
Rαtw¯v¯ +
(
sgn(ωr)R
2w¯ − R3αtωr
3
)
ωy
)  . (2.12)
Finally, the moment produced by the lift force of a rotor can be derived [30]
LM =
 ρcR4CLα ( |ωr|8 ωx + w¯sgn(ωr)4R2 u¯)
ρcR4CLα
(
|ωr|
8
ωy +
w¯sgn(ωr)
4R2
v¯
)  . (2.13)
Note that the lift force acts along the body frame z-axis, the drag moment
acts about the body frame z-axis, the drag forces all act along the body frame
x and y-axes, and the lift moment acts about the body frame x and y-axes.
The above propeller model was developed by applying two dimensional in-
compressible flow concepts about three dimensions. Hoffmann, et al. identify
three flight regimes of quadrotors: the normal working state, the vortex ring
state, and the windmill brake state [32]. Bangura and Mahony include two
additional flight regimes: the turbulent wake state and ground effect [29]. In
the normal working state the previously presented propeller model is valid.
In the vortex ring state, air circulates around the rotor blade, which signif-
icantly reduces the efficiency of the rotor. This flight regime occurs during
the vertical descent of the vehicle. As the vehicle descends faster, the circu-
lation of air around the rotor blade breaks up and enters the turbulent wake
state flight regime. As the vehicle descends even faster, air flows through
the rotors, which changes the transfer of power to the air. This is the wind-
mill brake state. Finally, ground effect occurs when the aerodynamics of the
vehicle is significantly influenced by the presence of the ground.
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As the quadrotor moves from one point to another along the rotor plane,
the advancing blade of a propeller experiences a higher effective velocity than
the receding blade. This causes a changing force as a blade make a revolution
about the rotor hub. The effect is called blade flapping since the difference in
force will tilt the rotor plane slightly. This effect is very commonly modeled
among researchers [29–32]. This effect can be modeled with the equation
Tdef = T sinκ1 (2.14)
where T is the thrust vector produced by a rotor, Tdef is the thrust generated
in the direction opposing the motion of the vehicle along the rotor plane, and
κ1 is the angle by which the thrust vector is deflected. Blade flapping also
creates a moment about the hub of the rotor. This has been modeled by
Hoffmann, Huang, Waslander, and Tomlin with the equation
Mbf = κ2κ1 (2.15)
where κ2 is the stiffness of the blade [32].
Note that in helicopter theory, several of these drag effects are aggregated
into an single term called the rotor drag or H-force drag. Martin and Salaun
model this term for quadrotors using the equation
FH = ωrλV
⊥
p (2.16)
where FH is the H-force drag exerted on the rotor, λ is a constant, and V
⊥
p
is the velocity along the plane of the rotor [22]. This H-force drag model is
particularly important to this work, because it enables us to design effective
model-based observers using inertial measurement units.
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CHAPTER 3
INERTIAL NAVIGATION TECHNOLOGY
In the previous chapter, we presented a dynamic model of quadrotor vehi-
cles developed in the literature. This model uses the dynamics of general
rigid bodies and the aerodynamics of propellers, which describes the types
of forces experienced by the quadrotor. In this chapter, we introduce inertial
sensing technology. This sensing technology is typically grouped into several
categories: navigation grade, tactical grade, commercial grade, and so-called
low-cost inertial measurement units (IMUs). This technology can also be
grouped into the method used for sensing angular velocity and specific force:
ring laser gyroscopes, mechanical gyroscopes and accelerometers, vibrating
beam accelerometers, resonant silicon accelerometers, and micro-machined
electromechanical (MEMs) gyroscopes and accelerometers to name a few.
In this work we focus on low-cost MEMs IMUs since these sensors, due to
small size, small part count, and low cost, are particularly common in small
unmanned aircraft such as quadrotors.
3.1 Accelerometers and Gyroscopes
Inertial measurement units are made up of a set of accelerometers and gyro-
scopes. Both sensors have been a major topic of research for decades. This
research has produced a wide variety of potential sensing methods (vibra-
tory sensors, cryogenic devices, optical sensors, etc), each serving their own
niche of applications. No matter the method for sensing, the principles of
accelerometers and gyroscopes remain the same. Gyroscopes are designed
to measure the angular velocity of the sensor about its sensitive axis. Ac-
celerometers measure a quantity called the specific force. Specific force is best
understood by considering the accelerometer model presented in Figure 3.1.
In this simple accelerometer, a mass is connected to a box through springs.
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Figure 3.1: Accelerometer model [1].
The deflection of the mass, along with Hooke’s law, is used to produce the
output of the accelerometer. Thus when a force acts equally on the mass and
its container, the sensor measures no specific force. As an example, consider
an accelerometer accelerating due to gravitational force. Since gravity acts
on both the mass and the container, the sensor measures zero specific force.
On the other hand consider the accelerometer sitting on a table. The sensor
would in this case measure the normal force exerted on the container since
that force is not exerted on the mass. In short, specific force is the difference
between the force experienced by the mass and its container divided by the
known mass.
3.2 The Inertial Measurement Unit
A set of accelerometers and gyroscopes are typically configured together such
that the entire specific force vector and angular velocity of a rigid body is
measured. This combination of sensors is called the inertial measurement
unit (IMU). Accelerometers and gyroscopes can be configured in various
ways to produce an IMU. However, the most common configuration is to
use a set of three accelerometers and three gyroscopes arranged such that
each accelerometer measures the specific force along an axis orthogonal to
the other two. Likewise, the three gyroscopes are configured so that each
sensor measures the angular velocity about an axis orthogonal to the other
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Figure 3.2: Orthogonal Arrangement of Inertial Sensors in IMU.
Figure 3.3: Microcontroller with Embedded IMU Onboard Pelican
Quadrotor [24].
two. This orthogonal arrangement is depicted in Figure 3.2.
This orthongonal arrangement is especially common with small unmanned
aircraft, since weight an size is often a priority. This orthogonal arrange-
ment, typically leveraging low-cost MEMs inertial sensors, has no redundant
sensors. Figure 3.3 shows a microcontroller with an IMU embedded on-
board. It is clear from the sensitive axes of the three gyroscopes drawn on
the figure that this IMU is in an orthogonal arrangement. This particular
microcontroller is onboard UAVs from Ascending Technologies. The Ascend-
ing Technologies Pelican quadrotor is used in experiment in Chapter 6 of this
thesis.
Of course, not all IMUs are arranged in an orthogonal configuration.
Sukkarieh, Gibbens, Grocholsky, Willis, and Durrant-Whyte for example de-
signed a low-cost inertial measurement unit (shown in Figure 3.4) for un-
manned air vehicles. This truncated tetrahedron design was meant to add
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Figure 3.4: A Redundant IMU Developed for Low-Cost Inertial Sensors [33].
redundancy to the sensor, thereby enabling fault detection and greater accu-
racy [33].
Inertial measurement units are not simply arrangements of inertial sen-
sors however. IMUs typically also contain electronics for the instrument
power supplies, re-balancing loops, temperature monitoring, analog to digi-
tal conversion, and more. Often anti-vibration mounts are also installed on
IMUs [1].
3.3 Performance Grades and Sensor Models
It is very common for inertial measurement units to be calibrated prior to be-
ing installed on a vehicle. By calibration, we mean the use of a wide variety of
techniques to predict how the measured angular velocity vector and specific
force will differ from their true values. This difference is influenced by tem-
perature, vibration, sensor age, and magnetic fields to name a few [1]. The
performance grade of an inertial measurement unit is described by contribu-
tors to errors in the sensors after calibration. Titterton and Weston propose
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the following error model for describing the performance of gyroscopes
eω = BG +Bg
 axay
az
+Bae
 ayazazax
axay
+Bai
 ωyωzωzωx
ωxωy
+ ...
SG
 ωxωy
ωz
+MG
 ωxωy
ωz
+ wG
(3.1)
where eω is the error vector of the angular velocity measurement, ax, ay, and
az are the accelerations acting on the host vehicle, ωx, ωy, and ωz are the
true angular velocities applied to the vehicle, BG is the residual fixed biases
present (sometimes called turn-on bias), Bg is the g-dependent bias, Bae are
the anisoelastic coefficients, Bai are the anisoinertia coefficients, SG are the
scale-factor errors (expressed in a diagonal matrix), MG are cross-coupling
terms (expressed in a skew symmetric matrix), and wG are the in-run random
bias errors (sometimes called random walk error). Similarly, the error model
proposed for describing the performance of accelerometers is
ef = BA +Bv
 ayazazax
axay
+ SA
 axay
az
+MA
 axay
az
+ wA (3.2)
where ef is the error vector of the specific force measurement, BA is the
residual fixed biases present (sometimes called turn-on bias), Bv are the
vibro-pendulous error coefficients, SA are the scale-factor errors (expressed
in a diagonal matrix), MA are cross-coupling terms (expressed in a skew
symmetric matrix), and wA are the in-run random bias errors (sometimes
called random walk error) [1].
Based on these performance metrics, inertial measurements units have been
typically divided into several grades: navigation grade, tactical grade, indus-
trial grade, and low-cost or hobbyist grade. Naturally, IMU weight increases
with improved performance, as does cost. Therefore, any designer must bal-
ance their performance needs with the weight and cost requirements of their
system. While there is no standard definition of these various IMU grades,
Chao, Coopmans, Di, and Chen have provided some guidelines on character-
istics of each sensor grade. These guidelines are expressed in Table 3.1.
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IMU Type
Navigation
Grade
Tactical
Grade
Industrial
Grade
Low-Cost
Grade
Cost ($) > 50k 10-20k 0.5-3k < 500
Weight > 5 lbs ≈ 1 lb < 5 oz < 2 oz
Gyro Bias < 0.1 deghr 0.1-10
deg
hr < 1
deg
sec
> 1 degsec
Gyro Random
Walk
< 0.005 deg√
hr
0.2-0.5 deg√
hr
Not Available Not Available
Accel Bias 5-10 µg 0.02-0.04 mg ≈ 5 mg > 5 mg
Table 3.1: IMU Grades [10]
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CHAPTER 4
SYSTEM MODEL AND OBSERVER
DESIGN
In the previous chapter, we presented the inertial measurement unit, its com-
ponents, performance characteristics, and models of the sensing technology.
For small unmanned aircraft, low-cost MEMs IMUs have become the domi-
nant inertial sensing technology. In this chapter we use a simplified model of
the quadrotor and IMU to develop a model-based observer. Then, we intro-
duce three alternative model-based observers presented in existing literature
to compare our proposed observer against. Finally, we present two variants
of our proposed observer to facilitate this comparison.
4.1 Proposed Observer
Consider the quadrotor system depicted in Figure 2.1. We define a world
coordinate system
(FW ) which we shall treat as an inertial frame of reference
with an x-axis pointing North, y-axis pointing East, and z-axis pointing in
line with the gravity vector. We define the body frame
(FB) attached to
the quadrotor as shown. We assume that the x-y plane of the body frame
is in the plane of the rotors, the origin of this frame is at the center of mass
and is also where the IMU is located. We make these assumptions out of
convenience. It is relatively straight forward to apply this work when these
assumptions are not valid.
In this thesis, we use the ZYX Euler angle sequence to express the orien-
tation of the quadrotor. The dynamics of the roll (φ), pitch (θ), and yaw (ψ)
Euler angles are expressed as
φ˙ = ωx + ωz tan θ cosφ+ ωy tan θ sinφ
θ˙ = ωy cosφ− ωz sinφ
ψ˙ = ωy
sinφ
cos θ
+ ωz
cosφ
cos θ
(4.1)
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where ωx, ωy, ωz represent the angular velocities about the x, y, and z-axis
respectively.
The acceleration of a general rigid body with respect to an inertial frame
written in terms of the body frame coordinate system is
abw,b = q¨
b
w,b + 2ω̂
b
w,bv
b
w,b − ω̂bw,bω̂bw,bqbw,b + ˙̂ω
b
w,bq
b
w,b (4.2)
where v˙bw,b is the acceleration of the body frame with respect to the world
frame written in terms of the body frame, qbw,b is the position vector, v
b
w,b is
the velocity vector, ω̂bw,b represents a skew symmetric matrix of the angular
velocity vector, q¨bw,b is the second time derivative of the position vector, and
˙̂ω
b
w,b is the skew symmetric matrix of the angular acceleration vector. To
arrive at Equation 4.2, we begin with
vbw,b = R
b
wq˙
w
w,b (4.3)
and
q˙bw,b = R˙
b
wq
w
w,b +R
b
wq˙
w
w,b. (4.4)
By rearranging Equation 4.4, we get
q˙ww,b = R
w
b q˙
b
w,b −Rwb R˙bwqww,b. (4.5)
We now use the fact that
R˙bw = −ω̂bw,bRbw (4.6)
to conclude that
q˙ww,b = R
w
b q˙
b
w,b +R
w
b ω̂
b
w,bR
b
wq
w
w,b. (4.7)
This allows us to arrive at an equation for the body frame velocity:
vbw,b = q˙
w
w,b + ω̂
b
w,bq
b
w,b. (4.8)
To derive the final acceleration equation, we begin with
abw,b = R
b
wa
w
w,b = R
b
wq¨
w
w,b (4.9)
17
whereby we can easily derive the equation
abw,b = R
b
w
(
R˙wb q˙
b
w,b +R
w
b q¨
b
w,b + R˙
w
b ω̂
b
w,bq
b
w,b
)
+ ...
Rbw
(
Rwb
˙̂ω
b
w,bq
b
w,b +R
w
b ω̂
b
w,bq˙
b
w,b
)
.
(4.10)
Using the fact that
R˙bw = R
b
wω̂
b
w,b (4.11)
we arrive at
abw,b = 2ω̂
b
w,bq˙
b
w,b + q¨
b
w,b + ω̂
b
w,bω̂
b
w,bq
b
w,b +
˙̂ω
b
w,bq
b
w,b (4.12)
Finally, by substituting Equation 4.8 into Equation 4.12, we arrive at Equa-
tion 4.2.
In this work, we neglect the last two terms of Equation 4.2, which depend
on the position of the body frame with respect to the world frame written in
terms of the body frame. We do this because the position of the quadrotor
is not, using only an IMU, observable. This results in
v˙bw,b =
F b
m
+ 2ω̂bw,bv
b
w,b (4.13)
where F b are the forces acting on the quadrotor written in terms of the body
frame and m is the mass of the quadrotor.
We assume that gravity, thrust, and the H-force drag term developed in
previous literature are the only forces acting on the quadrotor [18–20, 22].
For a single propeller rotating with angular velocity ωp the H-force drag has
been modeled as
FH = ωrλV
⊥
p (4.14)
where FH is the H-force drag exerted on the rotor, λ is a constant, and
V ⊥p is the velocity along the plane of the rotor [22]. Previous work in IMU
estimation has simplified this model by assuming the angular velocity of the
rotor is approximately constant [18–20]. This results in
FH = µV
⊥
p (4.15)
which is the model we use in this thesis. The resulting dynamic equations of
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motion are
v˙bx = −g sin θ −
µ
m
vbx − 2ωzvby + 2ωyvbz
v˙by = g cos θ sinφ−
µ
m
vby − 2ωxvbz + 2ωzvbx
v˙bz = g cosφ cos θ −
T
m
− 2ωyvbx + 2ωxvby
(4.16)
where g is standard acceleration due to gravity, µ is the H-force drag constant,
T is the thrust produced by the quadrotor’s four rotors, vbi is the velocity
along the ith axis in the body frame, and v˙bi is the acceleration along the i
th
axis in the body frame.
We use a simplified model of the IMU in this work. This model ig-
nores g-dependent bias, anisoelastic, anisoinertial, cross-coupling, and vibro-
pendulous errors [1]. This model is
aSFmi = λaia
SF
i + βai + wai
ωmi = λωiωi + βωi + wωi
(4.17)
where aSFmi is the specific force measured by the accelerometer along the i
th
body frame axis, ωmi is the measured angular velocity about the i
th body
frame axis, λa and λω is the scale factor corrupting the true specific force, a
SF ,
and angular velocity respectively, βa and βω are (potentially time-varying)
biases, and wa and wω is a zero mean white Gaussian noise term effecting
the accelerometers and gyroscopes.
In our observer, we estimate roll, pitch, and the three body frame velocities.
Again, to the best of our knowledge, the observer we propose is the only
such observer for multirotor helicopters that can estimate the entire body
frame velocity vector with only IMU measurements. We use a standard
discrete time extended Kalman filter (EKF) for state estimation; however,
other observers can be used as well. The algorithm of the discrete-time EKF
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we use is [34]
x¯t = f(ut, x̂t−1)
Σ¯t = FtΣt−1FTt +Rt
Kt = Σ¯tH
T
t (HtΣ¯tH
T
t +Qt)
−1
x̂t = x¯t +Kt(yt − h(x¯t))
Σt = (I −KtHt)Σ¯t
(4.18)
where f(ut, x̂t−1) is the a priori model of the evolution of the system given
previous state estimates and system inputs, h(x¯t) is the observation model
of the system given the a priori state (x¯t), Ft and Ht are the Jacobian ma-
trices of the a priori model and the observation model respectively, Rt and
Qt are the covariance matrices of additive noise in the system model and
observation model respectively, Kt is the Kalman gain at time t, yt is the
sensor measurements at time t, and Σt is the estimated covariance of the
state estimate (x̂t) at time t. The a priori model we use in the EKF is
˙˘
φ = ωmx + ωmz tan θ˘ cos φ˘+ ωmy tan θ˘ sin φ˘
˙˘
θ = ωmy cos φ˘− ωmz sin φ˘
˙˘vbx = −g sin θ˘ −
µ
m
v˘bx − 2ωmz v˘by + 2ωmy v˘bz
˙˘vby = g cos θ˘ sin φ˘−
µ
m
v˘by − 2ωmx v˘bz + 2ωmz v˘bx
˙˘vbz = g cos φ˘ cos θ˘ + a
SF
mz .
(4.19)
This model uses gyroscope measurements for angular velocity, the z-axis
accelerometer measurement, and current state estimates (denoted with a
breve). For use in the EKF, Equation 4.19 must be discretized.
We use the accelerometer output along the body frame x and y-axes as the
measurement in the innovation term of the EKF. This innovation term is
v =
[
aSFmx
aSFmy
]
−
[
− µ
m
v˘bx − 2ωmz v˘by + 2ωmy v˘bz
− µ
m
v˘by − 2ωmx v˘bz + 2ωmz v˘bx
]
. (4.20)
As a part of the EKF algorithm, we must also take the Jacobian of the a
priori model and output model about current state estimates and choose a
priori and output model covariances.
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4.2 Previously Developed Observers
We choose to compare our observer to three other observers. Beard, Leish-
man, and Macdonald presented two observers. They, along with Abeywar-
dena, Kodagoda, Dissanyake, and Munasinghe, showed how using the H-force
drag in a quadrotor model provides an improvement over other observers for
multirotor helicopters and integration methods for low cost IMUs. To the
best of our knowledge, these three observers represent the state-of-the-art
INS for multirotor helicopters with low cost IMUs. The first estimator pre-
sented by Beard, Leishman, and Macdonald (which we shall call the BLM
estimator) uses the a priori model
˙˘
φ = ωmx + ωmz tan θ˘ cos φ˘+ ωmy tan θ˘ sin φ˘
˙˘
θ = ωmy cos φ˘− ωmz sin φ˘
˙˘vbx = −g sin θ˘ −
µ
m
v˘bx
˙˘vby = g cos θ˘ sin φ˘−
µ
m
v˘by
(4.21)
and the innovation term [19,20]
v =
[
aSFmx
aSFmy
]
−
[
− µ
m
v˘bx
− µ
m
v˘by
]
. (4.22)
Beard, Leishman, and Macdonald, as an alternative to the BLM estimator,
also present an observer that can estimate the H-force drag coefficient as a
state parameter in the observer. These researchers show that this drag coef-
ficient is observable as long as the helicopter is experiencing an acceleration
in the plane of the rotors. They claim that this observer (which we shall call
the BLM-µ observer) allows the user to avoid using complicated parameter
identification techniques and expensive motion capture systems [19]. The
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BLM-µ observer uses the a priori model
˙˘
φ = ωmx + ωmz tan θ˘ cos φ˘+ ωmy tan θ˘ sin φ˘
˙˘
θ = ωmy cos φ˘− ωmz sin φ˘
˙˘vbx = −g sin θ˘ −
µ˘
m
v˘bx
˙˘vby = g cos θ˘ sin φ˘−
µ˘
m
v˘by
˙˘µ = 0
(4.23)
and the innovation term [19]
v =
[
aSFmx
aSFmy
]
−
[
− µ˘
m
v˘bx
− µ˘
m
v˘by
]
. (4.24)
Both the BLM and BLM-µ observers assume that the gyroscopes measure
the angular velocities exactly. Abeywardena, Kodagoda, Dissanyake, and
Munasinghe attempt to estimate gyroscope bias about the x and y-axes,
in addition to the states estimated by the BLM observer, to improve the
performance of their estimator. The a priori model of this observer (which
we shall call the AKDM observer) is
˙˘
φ = ωmx − β˘ωx + ωmz tan θ˘ cos φ˘+
(
ωmy − β˘ωy
)
tan θ˘ sin φ˘
˙˘
θ =
(
ωmy − β˘ωy
)
cos φ˘− ωmz sin φ˘
˙˘vbx = −g sin θ˘ −
µ
m
v˘bx
˙˘vby = g cos θ˘ sin φ˘−
µ
m
v˘by
˙˘
βωx = −
β˘ωx
τωx
˙˘
βωy = −
β˘ωy
τωy
(4.25)
and the innovation term is
v =
[
aSFmx
aSFmy
]
−
[
− µ
m
v˘bx
− µ
m
v˘by
]
(4.26)
where τωx and τωy are the time constants of the gyroscope biases [18]. We
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shall use these three observers, the BLM, BLM-µ, and AKDM, as references
against which to compare our proposed observer.
4.3 Variants of Proposed Observer
In order facilitate comparison between our proposed observer and the BLM,
BLM-µ, and AKDM observers, we present two variants of our proposed ob-
server: the proposed-µ variant and the proposed-β variant. Our proposed-µ
observer attempts to estimate the H-force drag term as an additional state
parameter. The a priori model of this estimator is
˙˘
φ = ωmx + ωmz tan θ˘ cos φ˘+ ωmy tan θ˘ sin φ˘
˙˘
θ = ωmy cos φ˘− ωmz sin φ˘
˙˘vbx = −g sin θ˘ −
µ˘
m
v˘bx − 2ωmz v˘by + 2ωmy v˘bz
˙˘vby = g cos θ˘ sin φ˘−
µ˘
m
v˘by − 2ωmx v˘bz + 2ωmz v˘bx
˙˘vbz = g cos φ˘ cos θ˘ + a
SF
mz
˙˘µ = 0
(4.27)
and the innovation term is
v =
[
aSFmx
aSFmy
]
−
[
− µ˘
m
v˘bx − 2ωmz v˘by + 2ωmy v˘bz
− µ˘
m
v˘by − 2ωmx v˘bz + 2ωmz v˘bx
]
. (4.28)
Our proposed-β observer attempts to estimate the gyroscope bias terms as
an additional state parameter. The a priori model of this estimator is
˙˘
φ = ωmx − β˘ωx + ωmz tan θ˘ cos φ˘+
(
ωmy − β˘ωy
)
tan θ˘ sin φ˘
˙˘
θ =
(
ωmy − β˘ωy
)
cos φ˘− ωmz sin φ˘
˙˘vbx = −g sin θ˘ −
µ
m
v˘bx − 2ωmz v˘by + 2
(
ωmy − β˘ωy
)
v˘bz
˙˘vby = g cos θ˘ sin φ˘−
µ
m
v˘by − 2
(
ωmx − β˘ωx
)
v˘bz + 2ωmz v˘
b
x
˙˘vbz = g cos φ˘ cos θ˘ + a
SF
mz
(4.29)
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˙˘
βωx = 0
˙˘
βωy = 0
and the innovation term is
v =
[
aSFmx
aSFmy
]
−
 − µm v˘bx − 2ωmz v˘by + 2(ωmy − β˘ωy) v˘bz
− µ
m
v˘by − 2
(
ωmx − β˘ωx
)
v˘bz + 2ωmz v˘
b
x
 . (4.30)
In the proposed-β model, we assume the bias term is constant. Abeywardena,
Kodagoda, Dissanayake, and Munasinghe do not provide a means by which
they estimate their time constants, so we simply omit them in our proposed-β
observer and take the limit as the time constant goes to infinity in the AKDM
observer. Note again that our proposed observer, and its variants, estimate
the entire velocity vector in the body frame of reference. The BLM, BLM-µ,
and AKDM observers estimate only two of the three elements of this velocity
vector. As we will show, this difference will cause our proposed estimator to
substantially outperform our benchmark estimators. In the next chapter, we
shall study the observability properties of the BLM, BLM-µ, AKDM, and the
proposed observer and its variants. In Chapter 5, we shall present metrics by
which we will compare these estimators and we shall show how our proposed
estimator outperforms its benchmark observers.
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CHAPTER 5
OBSERVABILITY ANALYSIS
In the previous chapter, we developed a model-based observer that includes
the Coriolis term in its model. We then presented three alternative models
described in previous work and two additional variants of the observer we
developed to facilitate comparison with the alternative observers. In this
chapter we begin the comparison with a study of the observability properties
of these six models. It is obvious that using even the simplified accelerometer
and gyroscope model presented in Equation 4.17 implies that all the models
presented would, in fact, be technically unobservable. This is due to the fact
that there exists an unknown scale factor and time varying unknown bias
term for every measurement. Previous work uses simplified models of the
IMU to show observability with the assumption that observers are robust to
these small disturbances. We begin by exploring the use of the observabil-
ity rank condition with our observer as done in previous work. We find this
method rather lacking, however, because it does not indicate how easy it is to
observe a system. We use two metrics presented by Krener and Ide to mea-
sure the strength of the observability of the proposed estimators [35]. From
these metrics we believe the performance of the estimators can be inferred
even in the presence of small disturbances. Alternatively, we could have used
a sensitivity analysis similar to that presented by Hernandez, Tsotsos, and
Soatto for vision-aided inertial navigation systems to find a bound on the set
of indistinguishable state trajectories [36].
5.1 Observability Rank Condition
Previous work on observability analysis for this type of system used the
observability rank condition to establish which states are locally, weakly ob-
servable when the quadrotor is near its hover condition [19,20]. This type of
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rank condition states that a nonlinear system described by
x˙ = f(x, u), x ∈ Rn, u ∈ Rm
y = g(x), y ∈ Rp
(5.1)
and observability matrix defined by
O =

dg(x)
...
dLkf (g)(x)

where dLkf (g)(x) = dL
k−1
f (g)(x)f(x, u), dL
0
f (g)(x) = dg(x),
and dg(x) = ∂g
∂x
(x)
(5.2)
is locally, weakly observable if the rank of the observability matrix is equal
to the number of states (n) [37]. Note that for real analytic systems, this
observability rank condition is a necessary and sufficient condition for ob-
servability.
We have computed the first four rows of the observability matrix for the
BLM observer as
OBLM =

0 0 − µ
m
0
0 0 0 − µ
m
0 gµ cos θ
m
µ2
m2
0
−gµ cosφ cos θ
m
gµ sinφ sin θ
m
0 µ
2
m2
 . (5.3)
From this subset of the observability matrix, it is can be inferred that the
BLM system is observable everywhere except where φ = pi
2
or θ = pi
2
since
the first column of the fourth row element will be zero. However, we cannot
prove that without the full observability matrix. Next we computed the first
five rows of the observability matrix for the BLM-µ observer. This matrix is
OBLM−µ =

0 0 − µ
m
0 −vx
m
0 0 0 − µ
m
−vy
m
0 gµ cos θ
m
µ2
m2
0 O(3,5)
−gµ cosφ cos θ
m
gµ sinφ sin θ
m
0 µ
2
m2
O(4,5)
O(5,1) O(5,2) − µ3m3 0 O(5,5)
 (5.4)
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where
O(3,5) = µvx
m2
− −
µvx
m
− g sin θ
m
O(4,5) = µvy
m2
− −
µvy
m
+ g cos θ sinφ
m
O(5,1) = gµ cos θ (−ωz cosφ− ωy sinφ)
m
O(5,2) = −gµ
2 cos θ
m2
− gµ (ωy cosφ− ωz sinφ) sin θ
m
O(5,5) = −µ
2vx
m3
+
g cos θ (ωy cosφ− ωz sinφ)
m
+
2µ
(−µvx
m
− g sin θ)
m2
.
(5.5)
From this matrix, it appears that there may be several unobservable modes.
For example, when ωx and ωy are zero and φ =
pi
2
or θ = pi
2
. Another
unobservable state is when φ = 0, θ = pi
2
, and ωy = 0. Again, while we can
hypothesize that these may be unobservable states, we would need the full
observability matrix to prove this is true. Beard, Leishman, and Macdonald
presented a similar analysis where they claimed that the system becomes
unobservable when the acceleration along the plane of the rotors become
zero [19]. Next we computed the first six rows of the observability matrix for
the AKDM observer. This matrix is
O
AKDM
=

0 0 − µ
m
0 0 0
0 0 0 − µ
m
0 0
0 gµ cos θ
m
µ2
m2
0 0 0
−gµ cosφ cos θ
m
gµ sinφ sin θ
m
0 µ
2
m2
0 0
O(5,1) O(5,2) − µ3m3 0 − µ
2
m2
−gµ cosφ cos θ
m
O(6,1) O(6,2) 0 − µ3m3 gµ cosφ cos θm 0

(5.6)
where
O(5,1) = −gµ cos θ (ωz cosφ+ (−βy + ωy) sinφ)
m
O(5,2) = gµ (−µ cos θ +m ((βy − ωy) cosφ+ ωz sinφ) sin θ)
m2
O(6,1) = gµ cos θ (µ cosφ+m (−βx + ωx) sinφ)
m2
O(6,2) = −gµ (mωz cos θ + (m (βx − ωx) cosφ+ µ sinφ) sin θ)
m2
.
27
Finally, we computed the first five rows of our proposed observer’s observ-
ability matrix as
Oprop =

0 0 − µm −2ωz 2ωy
0 0 2ωz − µm −2ωx
O(3,1) O(3,2) µ
2
m2
− 4ω2z 4µωzm −2µωym + 4ωxωz
O(4,1) O(4,2) −4µωzm µ
2
m2
− 4ω2z 2µωxm + 4ωyωz
O(5,1) O(5,2) O(5,3) O(5,4) O(5,5)

(5.7)
where
O(3,1) = −2gωz cosφ cos θ − 2gωy cos θ sinφ
O(3,2) = gµ cos θ
m
− 2gωy cosφ sin θ + 2gωz sinφ sin θ
O(4,1) = −gµ cosφ cos θ
m
+ 2gωx cos θ sinφ
O(4,2) = −2gωz cos θ + 2gωx cosφ sin θ + gµ sinφ sin θ
m
O(5,1) = −g cos θ ((2mωxωy − 3µωz) cosφ+ (−µωy + 2mωxωz) sinφ)
m
O(5,2) =
−g (µ2 + 2m2 (ω2y − ω2z)) cos θ
m2
+ ...
gm ((µωy − 2mωxωz) cosφ+ (2mωxωy − 3µωz) sinφ) sin θ
m2
O(5,3) =
8µω2z − µ
(
µ2
m2
− 4ω2z
)
m
O(5,4) = −4µ
2ωz
m2
− 2ωz
(
µ2
m2
− 4ω2z
)
O(5,5) = −8µωxωz
m
+ 2ωy
(
µ2
m2
− 4ω2z
)
.
The proposed-µ and proposed-β observability matrices have been omitted
here due to their length. We find the analysis of these estimators with ob-
servability matrices insufficient for comparison. First, none of the matrices
presented display the full observability matrix of a system. The rank condi-
tion generally only indicates whether or not the system is observable. The
analysis we presented may allow us to infer what some unobservable modes
may be, but we cannot guarantee that this is actually the case. In particular,
we may identify some observable modes as unobservable. Finally, we have
no indication with the observability rank condition how easy it will be for an
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observer to accurately estimate the states of a system.
In the following chapter, we use two measures of the degree of observability
presented in previous literature and use them to compare the six observers.
These measurements use the singular values of the observability Gramian
about a nominal trajectory. Recall that we claim including the Coriolis term
in our proposed model allows the entire velocity vector to become observable
in the body frame. Also, we can infer (through substitution), from Equation
5.7 that the proposed observer experiences an unobservable mode when ωx,
ωy, and ωz is zero. We also infer from Equation 5.7 that the observability
of the system is not dependent on the thrust produced by the quadrotor
over some time interval. These inferences will be used to establish nominal
trajectories.
5.2 Degree of Observability
We shall use the so-called local unobservability index and local estimation
condition number to assess observability. Since the observability rank condi-
tion does not imply how hard it is to observe the system, we use these metrics
to allow us to make better conclusions about the observability properties of
the system. The local unobservability index is defined as the reciprocal of
the smallest local singular value of the local observability gramian defined as
P (x0) =
∫ tf
0
ΦT (t)GT (t)G(t)Φ(t)dt (5.8)
where
G(t) =
∂g
∂x
(x0(t))
tf is the final time, and Φ is the fundamental matrix of the system linearized
about a nominal trajectory. This local unobservability index measures how
difficult it is to observe the initial state from the system’s outputs. The
local estimation condition number is defined as the ratio of the largest local
singular value to the smallest local singular value and is a measure of how
much a small change in the initial condition of one state effects the change in
the output relative to small changes in the initial conditions of other states.
In other words, it becomes more challenging to design an effective observer
as the local unobservability index and the local estimation condition number
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grows [35].
In this thesis, we compute the local observability gramian numerically.
First, we choose a nominal trajectory and a small scalar ρ > 0. Then, we
compute perturbed trajectories as described (using the notation presented
by Kang, Krener, Xiao, and Xu) in
x˙±(t) = f(x±(t), u(t))
x±(0) = x0 ± ρvi
(5.9)
where the set of vectors v1, v2, · · · , vn form an orthonormal basis in Rn.
Finally, we compute the local observability gramian with [38]
Pij =
∫ tf
0
∆Ti (t)∆j(t)dt (5.10)
where
∆i(t) =
1
2ρ
(g(x+(t))− g(x−(t))).
Note that as ρ → 0 the numerical approximation approaches the true local
observability Gramian. Note that when one or more of the singular values of
this observability Gramian is zero, this system is unobservable.
We now compare the observability properties of the BLM, BLM-µ, and
AKDM observers with the proposed observer and its variants. In our rank
condition analysis, we found that the observability of our system is not di-
rectly dependent on the thrust produced by the system, but our proposed
observer and its variants are dependent on the angular velocities. Therefore,
we produce nominal trajectories by beginning with an initial state (all states
zero except for µ which we choose as 0.8281), setting thrust equal to the
weight of the quadrotor, and then varying the angular velocity about each
axis according to the function
ωi =  sin (1.25t) where i = x, y, z. (5.11)
One way to interpret Equation 5.11 is as a deterministic model of a distur-
bance the quadrotor may experience in hover. We plot the unobservability
index as a function of  for ρ = 0.0001 in Figure 5.1. First, note that for
all  > 0, all proposed systems are observable. The observability properties
of the BLM and AKDM observers appear to be independent of . Addition-
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Figure 5.1: Comparison of unobservability index for six different observers.
Here  is the amplitude of the angular velocity of the vehicle as described in
Equation 5.11
ally, all observers appear to converge to the same unobservability index near
 = 0.1. The proposed estimator appears to have a high unobservability in-
dex until approximately  = 0.001 when it begins to drop rapidly relative to
the BLM-µ, proposed-β, and proposed-µ observers. The condition number
(shown in Figure 5.2) for the proposed-β estimator is consistently higher than
the alternative estimators. The AKDM conditition number is consistently at
least two orders of magnitude larger than the BLM observer. The AKDM
also appears to have a larger condition number than the proposed, BLM-µ,
and proposed-µ observers for  > 0.01.
As mentioned previously, the inherent advantage of our proposed observer
and its variants is the potential for the entire velocity vector to be accurately
estimated. As shown, this can only happen if the angular velocities are high
enough during any flight conditions the quadrotor may experience such that
an observer can be used to accurately estimate the states of the quadrotor.
In Chapter 6, we will evaluate these observers over 110, thirty second flight
trials and discuss these results in the context of their observability properties.
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Figure 5.2: Comparison of estimation condition number for six different
observers. Here  is the amplitude of the angular velocity of the vehicle as
described in Equation 5.11
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CHAPTER 6
FLIGHT TESTS AND RESULTS
In the previous section, we compared the observability properties of the six
observers. In this section, we implement these observers in flight tests. These
observability properties provide context to these results and some degree of
explanatory power. Flight tests were conducted on an Ascending Technolo-
gies Pelican quadrotor [24]. Accelerometer and gyroscope data was collected
along with position and orientation from a set of 24 Flex 3 Optitrack motion
capture cameras with a roughly 100 Hz frame rate over 13 manual flights.
Pairs of these cameras (one approximately 2 feet below the other) were dis-
tributed around a 40 ft × 30 ft × 9 ft room. An overview of the hardware
setup is depicted in Figure 6.1. An onboard Ascending Technologies Mas-
termind computer collects IMU data from the vehicle’s microcontroller. As-
cending Technologies claims that this IMU data is calibrated. Therefore, the
remaining errors in the IMU output can be described using Equations 3.1
and 3.2. Position and orientation data is also recorded on the Mastermind
computer from a wireless connection to an offboard computer that processes
the Optitrack data. The offboard and onboard computers have their clocks
synced using network time protocol (NTP). These thirteen flights are broken
into 110, 30 second trials. We estimate the H-force drag off-line for all thir-
teen flights and average the results over all data points. The H-force drag
was estimated to be 0.8281. We first present an illustration of our results for
one trial and then present the aggregated root mean square error results for
all 110 trials.
6.1 Illustration of Observers
Figure 6.2 shows the absolute value of the error in the estimate of velocity
along the body frame z-axis in both the integrated case and for the pro-
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Figure 6.1: Hardware Setup
posed estimator. Note that for the BLM, BLM-µ, and AKDM observers, the
body frame z-axis velocity must be computed by integrating accelerometer
measurements and compensating for gravity. The improvement the proposed
estimator provides is obvious. While the error in the proposed estimator is
not zero, it is better: even for very short time scales. For this particular trial,
the RMS error of velocity along the body frame z-axis is 0.1147 meters per
second for the proposed estimator. Meanwhile, the RMS error of velocity
along the body frame x and y-axes are 0.3155 and 0.3783 meters per second
respectively for the proposed estimator.
Figure 6.3 also shows substantial improvements in the position estimate
of the quadrotor over a 30 second period caused by the proposed estimator
versus the BLM observer. Here the norm of the error in the position estimate
with the proposed observer is approximately 100 meters smaller over thirty
seconds than with the BLM estimator. The true positions of the quadrotor
over this trial are shown in Figure 6.4. This result is due to the substantial
improvement in the body frame z-axis velocity estimate, whose error is almost
eight meters per second smaller in the proposed estimator after thirty seconds
than with the BLM estimator. While we only show these results for one trial,
these results are reflective of what we see over the 110 trials as a whole.
Figure 6.5 shows the position estimates for the BLM-µ and proposed-
µ estimators together. For most of the flight, the proposed-µ estimator’s
position error norm grows at a much slower rate than the BLM-µ. As with
the proposed estimator, this is due to the fact that we can leverage the
Coriolis effect to estimate the body frame Z velocity. Toward the end of
the flight, however, the proposed-µ observer has a very sudden growth in
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Figure 6.2: Error Along Body Frame z-Axis
its position error norm. The results from both the BLM-µ and proposed-µ
observers are much less consistent across the 110 trials than the BLM and
proposed estimators’ results. Figure 6.6 shows the norm of the position error
for the BLM-µ and proposed-µ observers for a different trial. These results
are quite different from 6.5 since the proposed-µ position error is significantly
smaller than the BLM-µ error after thirty seconds.
Figure 6.7 compares the norm of the position error of the AKDM observer
with the proposed-β estimate. Again the norm of the error in the position
estimate with the proposed-β observer is approximately 100 meters smaller
over thirty seconds than with the AKDM estimator. Like with the results
from Figure 6.3 this result is due to the substantial improvement in the body
frame z-axis velocity estimate.
6.2 Results Over 110 Trials
We aggregate the results for 110, thirty second trials into the following tables:
Table 6.1 shows the average root mean square (RMS) error for each estimator
over 110 cases, Tables 6.2 and 6.3 present the maximum and minimum RMS
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Figure 6.3: Error in Position of BLM and Proposed Estimator
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Figure 6.4: Motion Capture Position
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Figure 6.5: Error in Position of BLM-µ and Proposed-µ Estimator
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Figure 6.6: Case of Smaller Error in Position of Proposed-µ Compared with
BLM-µ Estimator After 30 Seconds
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Figure 6.7: Error in Position of AKDM and Proposed-β Estimator
error respectively over the trials, and Table 6.4 presents the standard devi-
ation of the trials. First, note that the proposed and proposed-β observers
have both a lower average RMS error and standard deviation for the body
frame z-axis velocity than the BLM, BLM-µ, and AKDM observers. Also,
the maximum RMS error is lower for the proposed and proposed-β observers
than the minimum RMS error for the BLM, BLM-µ, and AKDM observers.
This is due to the fact that including the Coriolis term in our model has en-
abled us to effectively estimate this additional state rather than using simple
integration that is used in the BLM, BLM-µ, and AKDM observers.
By almost every metric, the proposed-µ estimator is by far the worst of
the six estimators presented at observing the velocity vector. Note that
this is due to the tendency of this proposed-µ observer to become unstable
with respect to error. The median RMS error of the body frame z-axis
velocity is only 0.2114 meters per second however. Again, this is lower than
the minimum error shown for observers that do not leverage the Coriolis
effect. It is not surprising that the proposed-µ observer had some unstable
results. Figure 5.1 shows how this observer has consistently the worst local
unobservability index of all the observers presented.
There is no clear improvement or harm produced by using the AKDM
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Estimator Roll Error Pitch Error vbx Error v
b
y Error v
b
z Error
Proposed 0.120 0.083 0.351 0.384 0.169
BLM 0.143 0.0896 0.352 0.542 4.474
Proposed-µ 0.119 0.109 6.125×1010 1.106×1013 1.372×108
BLM-µ 0.289 0.218 8.682 14.667 15.750
Proposed-β 0.126 0.083 0.348 0.396 0.171
AKDM 0.136 0.088 0.335 0.552 4.814
Table 6.1: Average RMS Error in Estimators
Estimator Roll Error Pitch Error vbx Error v
b
y Error v
b
z Error
Proposed 0.509 0.263 0.634 0.628 0.271
BLM 0.979 0.283 0.641 0.969 18.032
Proposed-µ 0.778 1.068 6.109×1012 1.106×1015 1.371×1010
BLM-µ 1.080 0.825 113.220 220.626 76.788
Proposed-β 0.519 0.236 0.623 0.572 0.276
AKDM 0.517 0.410 0.628 0.841 18.718
Table 6.2: Maximum RMS Error in Estimators
compared to the BLM or the proposed-β compared to the proposed observers.
With regard to several metrics (i.e. the velocity along the y-axis) these bias
observing estimators do worse than their alternatives. However, the average
RMS error of velocity along the x-axis is smallest for the AKDM observer.
While the bias of low cost IMUs are high relative to higher grade sensors,
these values are still typically small compared to the other states and angular
velocities. This fact, along with the relatively high condition number of the
AKDM and proposed-β observers, make it difficult to accurately estimate
the gyroscope bias.
Estimator Roll Error Pitch Error vbx Error v
b
y Error v
b
z Error
Proposed 0.034 0.027 0.147 0.243 0.095
BLM 0.035 0.025 0.119 0.337 0.662
Proposed-µ 0.024 0.018 0.098 0.057 0.110
BLM-µ 0.026 0.020 0.095 0.075 1.400
Proposed-β 0.035 0.026 0.140 0.251 0.095
AKDM 0.035 0.027 0.114 0.343 0.471
Table 6.3: Minimum RMS Error in Estimators
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Estimator Roll Error Pitch Error vbx Error v
b
y Error v
b
z Error
Proposed 0.074 0.047 0.123 0.072 0.041
BLM 0.119 0.054 0.148 0.109 2.967
Proposed-µ 0.108 0.141 6.109×1011 1.106×1014 1.371×109
BLM-µ 0.243 0.195 14.365 25.970 17.945
Proposed-β 0.073 0.046 0.124 0.074 0.042
AKDM 0.081 0.058 0.136 0.107 3.404
Table 6.4: Standard Deviation of RMS Error in Estimators
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CHAPTER 7
CONCLUSIONS
In this thesis, we have presented an observer that leverages a model of a
quadrotor and IMU data to compute roll, pitch, and the body frame veloc-
ity vector. The observer is able to effectively estimate one more state than
previously presented observers. We have shown through analysis of the ob-
servability properties of the proposed observer and through flight tests that
this observer will perform well over any reasonable flight condition. We have
also shown, again through observability analysis and through flight tests,
that it is ineffective to estimate either the H-force or gyroscope biases as
part of our estimator. For low cost IMUs, we believe the proposed observer
can substantially improve the performance of the inertial navigation capa-
bilities of multirotor unmanned aircraft. This is immediately applicable in
environments where the time between updated navigation data from an aid-
ing sensor becomes longer or when the aiding sensor experiences a fault. In
the future we shall explore integrating this method for inertial navigation
with aiding sensors such as a monocular camera.
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APPENDIX A
DETAILED RESULTS
This appendix presents the root mean square errors of five states - roll, pitch,
and the three elements of the body frame velocity vector - produced by each of
the six observers for each of the 110, thirty second trials. Each table presents
results for a different observer. At the end of each table, the mean, standard
deviation, minimum, and maximum result over all the trials are given for
each state. Note that the proposed-µ observer occasionally produces results
that run to infinity in finite time. In these cases, the trials are marked with
a dash and are not included in the aggregated mean, standard deviation,
minimum, or maximum result.
Trial roll (rad) pitch (rad) vx (m/s) vy (m/s) vz (m/s)
1 0.160 0.052 0.164 0.409 2.291
2 0.040 0.052 0.247 0.457 4.814
3 0.059 0.102 0.234 0.506 4.535
4 0.282 0.410 0.555 0.523 11.171
5 0.043 0.039 0.195 0.526 4.640
6 0.126 0.044 0.243 0.589 3.353
7 0.045 0.036 0.204 0.581 4.232
8 0.049 0.036 0.292 0.525 4.118
9 0.047 0.037 0.195 0.561 4.415
10 0.051 0.036 0.281 0.571 4.067
11 0.081 0.047 0.293 0.470 3.683
12 0.048 0.050 0.133 0.407 4.122
13 0.041 0.034 0.163 0.406 4.634
14 0.043 0.038 0.165 0.433 4.574
15 0.047 0.036 0.162 0.467 4.624
16 0.050 0.027 0.206 0.500 4.290
17 0.084 0.068 0.259 0.566 4.198
18 0.036 0.029 0.133 0.459 4.233
19 0.055 0.039 0.216 0.513 4.408
20 0.058 0.043 0.397 0.503 4.409
21 0.053 0.052 0.166 0.348 4.326
22 0.040 0.041 0.226 0.398 4.367
23 0.051 0.039 0.183 0.491 4.131
42
24 0.066 0.132 0.212 0.523 2.761
25 0.065 0.033 0.171 0.537 4.563
26 0.151 0.160 0.399 0.718 3.177
27 0.147 0.088 0.439 0.527 0.471
28 0.070 0.121 0.235 0.503 3.282
29 0.179 0.121 0.438 0.642 1.561
30 0.282 0.154 0.551 0.756 12.905
31 0.096 0.058 0.315 0.411 2.994
32 0.104 0.121 0.315 0.372 2.536
33 0.079 0.058 0.344 0.415 3.853
34 0.094 0.064 0.256 0.486 3.909
35 0.173 0.098 0.421 0.626 2.537
36 0.198 0.125 0.444 0.632 6.883
37 0.161 0.076 0.493 0.536 1.135
38 0.177 0.129 0.490 0.662 4.942
39 0.162 0.080 0.332 0.505 1.674
40 0.080 0.050 0.235 0.491 2.662
41 0.069 0.054 0.243 0.490 3.852
42 0.165 0.132 0.453 0.593 1.992
43 0.165 0.092 0.401 0.617 1.067
44 0.269 0.196 0.508 0.782 18.718
45 0.121 0.050 0.200 0.454 3.370
46 0.068 0.050 0.262 0.463 3.453
47 0.051 0.048 0.224 0.446 4.757
48 0.097 0.073 0.287 0.464 2.936
49 0.083 0.069 0.218 0.525 3.212
50 0.137 0.076 0.347 0.533 3.198
51 0.220 0.122 0.455 0.691 10.167
52 0.147 0.147 0.398 0.561 4.536
53 0.153 0.078 0.295 0.535 0.939
54 0.113 0.050 0.236 0.426 3.375
55 0.077 0.050 0.309 0.494 3.713
56 0.069 0.111 0.363 0.543 2.827
57 0.173 0.095 0.435 0.603 2.428
58 0.266 0.120 0.516 0.755 11.066
59 0.237 0.115 0.421 0.708 6.882
60 0.236 0.151 0.550 0.755 12.521
61 0.231 0.101 0.539 0.647 9.112
62 0.227 0.163 0.596 0.686 12.372
63 0.239 0.051 0.203 0.515 2.024
64 0.051 0.034 0.175 0.424 4.525
65 0.047 0.035 0.133 0.442 4.422
66 0.035 0.041 0.123 0.453 4.218
67 0.125 0.046 0.186 0.478 3.401
68 0.053 0.028 0.246 0.505 4.256
69 0.145 0.089 0.396 0.619 2.563
70 0.221 0.114 0.533 0.595 8.637
71 0.517 0.045 0.114 0.374 4.692
72 0.146 0.066 0.369 0.548 1.771
73 0.218 0.114 0.475 0.811 5.483
74 0.187 0.296 0.493 0.578 6.589
43
75 0.187 0.085 0.526 0.605 2.029
76 0.173 0.066 0.431 0.636 1.589
77 0.108 0.070 0.332 0.561 2.041
78 0.076 0.032 0.213 0.516 4.408
79 0.210 0.142 0.494 0.689 4.760
80 0.240 0.136 0.521 0.808 9.763
81 0.236 0.077 0.470 0.719 7.715
82 0.087 0.061 0.226 0.414 3.477
83 0.301 0.065 0.357 0.638 6.071
84 0.242 0.078 0.441 0.677 11.546
85 0.091 0.066 0.269 0.438 2.476
86 0.100 0.071 0.340 0.522 2.280
87 0.140 0.139 0.352 0.584 1.004
88 0.244 0.114 0.538 0.661 9.205
89 0.049 0.039 0.140 0.343 4.704
90 0.172 0.078 0.418 0.595 1.009
91 0.215 0.057 0.325 0.540 3.243
92 0.162 0.094 0.481 0.672 1.567
93 0.160 0.113 0.429 0.620 1.877
94 0.112 0.068 0.353 0.545 1.983
95 0.171 0.103 0.355 0.648 2.055
96 0.163 0.173 0.514 0.606 9.113
97 0.124 0.047 0.209 0.459 2.661
98 0.039 0.027 0.136 0.438 4.430
99 0.068 0.044 0.201 0.444 4.389
100 0.052 0.118 0.211 0.481 3.251
101 0.108 0.034 0.170 0.514 4.018
102 0.158 0.166 0.355 0.523 3.043
103 0.214 0.181 0.579 0.654 8.031
104 0.217 0.097 0.527 0.610 9.093
105 0.198 0.227 0.567 0.841 13.035
106 0.267 0.213 0.628 0.661 18.012
107 0.228 0.073 0.489 0.611 9.460
108 0.206 0.133 0.493 0.681 7.313
109 0.116 0.068 0.367 0.571 3.157
110 0.128 0.130 0.339 0.545 1.180
mean 0.136 0.088 0.335 0.552 4.814
std 0.081 0.058 0.136 0.107 3.404
min 0.035 0.027 0.114 0.343 0.471
max 0.517 0.410 0.628 0.841 18.718
Table A.1: Detailed Results for AKDM Estimator
Trial roll (rad) pitch (rad) vx (m/s) vy (m/s) vz (m/s)
1 0.352 0.197 7.808 10.447 8.158
2 0.028 0.042 0.247 0.125 5.103
3 0.067 0.161 1.579 0.754 4.661
4 0.691 0.341 11.937 59.990 26.670
44
5 0.031 0.028 0.223 0.158 4.865
6 0.357 0.213 7.462 22.540 14.348
7 0.031 0.026 0.255 0.187 4.417
8 0.046 0.041 0.400 0.729 4.011
9 0.034 0.031 0.135 0.363 4.581
10 0.039 0.027 0.291 0.120 4.438
11 0.047 0.041 0.392 0.233 4.367
12 0.043 0.051 0.137 0.100 4.254
13 0.032 0.024 0.123 0.104 4.832
14 0.100 0.061 1.705 4.671 3.365
15 0.030 0.028 0.199 0.113 4.809
16 0.048 0.038 0.562 1.551 4.214
17 0.051 0.042 0.413 0.253 4.599
18 0.029 0.024 0.143 0.075 4.377
19 0.041 0.028 0.261 0.138 4.647
20 0.129 0.081 1.313 6.945 2.497
21 0.035 0.037 0.187 0.128 4.677
22 0.087 0.089 1.475 3.964 2.958
23 0.095 0.069 1.013 4.051 3.202
24 0.471 0.265 4.883 30.634 18.626
25 0.045 0.024 0.188 0.132 4.823
26 0.254 0.297 7.841 8.038 8.643
27 0.270 0.274 10.661 13.807 8.818
28 0.310 0.348 10.267 20.894 10.595
29 0.497 0.377 15.059 17.112 16.669
30 0.776 0.548 30.188 28.452 65.463
31 0.070 0.047 0.450 0.157 3.973
32 0.751 0.611 36.675 68.783 56.857
33 0.205 0.224 4.567 4.540 4.547
34 0.061 0.055 0.278 0.182 4.352
35 0.436 0.272 9.133 21.557 23.034
36 0.582 0.352 11.426 25.475 33.221
37 0.114 0.068 0.591 0.176 2.576
38 0.561 0.791 52.330 62.755 49.341
39 0.217 0.241 8.598 12.110 6.983
40 0.246 0.134 4.099 13.106 4.894
41 0.105 0.093 1.685 3.853 2.666
42 0.405 0.306 0.852 14.711 17.770
43 0.113 0.078 0.502 0.155 2.352
44 0.593 0.577 30.677 54.501 50.454
45 0.340 0.191 10.698 20.029 6.616
46 0.046 0.036 0.311 0.155 3.926
47 0.037 0.034 0.319 0.107 5.005
48 0.062 0.058 0.438 0.239 4.100
49 0.321 0.248 4.861 12.941 13.178
50 0.093 0.058 0.362 0.150 4.021
51 0.594 0.433 14.232 13.799 24.002
52 0.384 0.328 12.314 25.694 20.692
53 0.707 0.185 7.110 34.305 21.149
54 0.157 0.071 0.691 2.244 2.014
55 0.115 0.104 1.573 3.106 2.258
56 0.388 0.393 15.963 28.054 16.396
45
57 0.129 0.073 0.532 0.247 4.973
58 0.518 0.480 15.304 12.738 41.843
59 0.389 0.324 9.766 8.584 19.951
60 0.368 0.283 6.919 10.434 18.007
61 0.495 0.589 24.522 18.121 48.135
62 0.573 0.349 10.684 17.233 25.851
63 1.080 0.326 24.448 95.522 69.207
64 0.038 0.024 0.148 0.108 4.791
65 0.032 0.029 0.108 0.092 4.737
66 0.026 0.030 0.095 0.113 4.457
67 0.334 0.156 4.600 27.236 10.100
68 0.037 0.020 0.274 0.187 4.458
69 0.094 0.074 0.445 0.334 3.914
70 0.565 0.825 113.220 220.626 57.461
71 0.507 0.036 0.184 0.139 4.770
72 0.322 0.262 9.179 9.345 11.881
73 0.381 0.270 6.457 9.539 19.321
74 0.299 0.239 4.612 6.917 8.783
75 0.190 0.172 4.082 3.626 3.083
76 0.205 0.241 7.024 6.772 4.972
77 0.263 0.281 7.005 9.914 10.416
78 0.061 0.026 0.180 0.158 4.606
79 0.341 0.289 7.852 12.876 15.555
80 0.707 0.493 41.140 45.140 49.592
81 0.811 0.690 29.846 37.254 76.788
82 0.239 0.215 5.925 11.146 6.240
83 0.734 0.470 18.226 25.012 43.531
84 0.653 0.317 17.326 37.404 34.253
85 0.298 0.181 2.567 8.535 5.290
86 0.074 0.052 0.509 0.279 3.532
87 0.532 0.379 15.078 19.367 26.866
88 0.594 0.459 20.272 11.838 33.876
89 0.090 0.049 0.802 3.488 4.008
90 0.123 0.066 0.515 0.320 2.380
91 0.546 0.267 12.017 29.483 28.221
92 0.351 0.294 9.543 12.416 14.066
93 0.160 0.091 0.542 2.088 1.573
94 0.221 0.203 6.696 8.739 5.731
95 0.124 0.082 0.428 0.168 1.401
96 0.363 0.524 17.381 14.946 26.828
97 0.470 0.235 11.299 34.278 25.888
98 0.031 0.020 0.173 0.125 4.562
99 0.067 0.048 0.381 1.067 4.266
100 0.493 0.254 5.293 38.547 16.262
101 0.336 0.119 3.753 10.407 3.723
102 0.200 0.200 1.810 7.504 3.213
103 0.517 0.579 26.157 20.339 44.589
104 0.802 0.483 35.135 31.197 48.680
105 0.275 0.204 0.768 6.610 8.834
106 0.763 0.632 23.925 26.259 67.230
107 0.340 0.333 14.896 10.699 24.556
108 0.657 0.692 26.348 27.839 54.642
46
109 0.083 0.056 0.205 0.177 4.009
110 0.099 0.058 0.327 0.117 2.568
mean 0.289 0.218 8.682 14.667 15.750
std 0.243 0.195 14.365 25.970 17.945
min 0.026 0.020 0.095 0.075 1.401
max 1.080 0.825 113.220 220.626 76.788
Table A.2: Detailed Results for BLM-µ Estimator
Trial roll (rad) pitch (rad) vx (m/s) vy (m/s) vz (m/s)
1 0.118 0.050 0.176 0.357 3.481
2 0.044 0.058 0.247 0.459 4.818
3 0.054 0.086 0.238 0.509 4.631
4 0.102 0.190 0.285 0.539 2.240
5 0.039 0.037 0.197 0.525 4.741
6 0.095 0.058 0.247 0.583 3.907
7 0.039 0.035 0.207 0.581 4.308
8 0.041 0.033 0.290 0.524 4.234
9 0.045 0.037 0.203 0.560 4.507
10 0.047 0.037 0.282 0.571 4.230
11 0.067 0.048 0.307 0.458 4.106
12 0.059 0.057 0.144 0.410 4.045
13 0.040 0.031 0.165 0.416 4.716
14 0.035 0.033 0.163 0.430 4.711
15 0.039 0.036 0.167 0.471 4.704
16 0.044 0.030 0.214 0.493 4.432
17 0.058 0.053 0.265 0.555 4.464
18 0.037 0.032 0.141 0.461 4.268
19 0.050 0.035 0.214 0.510 4.502
20 0.057 0.043 0.402 0.499 4.577
21 0.051 0.048 0.166 0.350 4.484
22 0.040 0.036 0.227 0.393 4.501
23 0.044 0.037 0.187 0.486 4.298
24 0.050 0.094 0.164 0.525 3.794
25 0.057 0.033 0.177 0.536 4.703
26 0.159 0.149 0.383 0.722 1.733
27 0.134 0.089 0.472 0.503 1.468
28 0.069 0.093 0.243 0.500 3.892
29 0.187 0.103 0.471 0.632 1.146
30 0.275 0.160 0.565 0.726 10.520
31 0.095 0.058 0.333 0.400 3.378
32 0.108 0.098 0.324 0.374 3.047
33 0.068 0.075 0.363 0.405 3.850
34 0.099 0.068 0.268 0.483 4.080
35 0.196 0.093 0.448 0.637 1.741
36 0.235 0.162 0.475 0.623 6.855
37 0.175 0.086 0.537 0.516 1.393
38 0.247 0.167 0.565 0.728 7.628
39 0.156 0.084 0.374 0.487 1.039
47
40 0.102 0.051 0.241 0.506 2.470
41 0.063 0.057 0.251 0.479 4.120
42 0.152 0.131 0.461 0.588 0.662
43 0.168 0.105 0.442 0.599 0.881
44 0.290 0.193 0.551 0.787 14.695
45 0.098 0.048 0.217 0.431 3.934
46 0.054 0.045 0.260 0.457 3.762
47 0.047 0.044 0.225 0.440 4.867
48 0.088 0.083 0.293 0.453 3.324
49 0.087 0.233 0.378 0.523 3.844
50 0.155 0.081 0.386 0.545 3.396
51 0.257 0.127 0.472 0.707 9.415
52 0.167 0.163 0.409 0.575 4.822
53 0.170 0.087 0.334 0.558 1.543
54 0.082 0.041 0.229 0.406 4.141
55 0.071 0.050 0.321 0.482 4.103
56 0.065 0.084 0.333 0.534 3.530
57 0.178 0.099 0.472 0.592 2.464
58 0.259 0.137 0.580 0.705 7.940
59 0.223 0.121 0.464 0.656 3.772
60 0.256 0.150 0.571 0.748 10.144
61 0.229 0.128 0.600 0.578 6.184
62 0.255 0.186 0.621 0.697 11.848
63 0.160 0.043 0.222 0.421 2.286
64 0.048 0.032 0.182 0.426 4.650
65 0.047 0.037 0.140 0.440 4.545
66 0.035 0.037 0.119 0.453 4.317
67 0.084 0.038 0.181 0.476 4.352
68 0.043 0.027 0.252 0.506 4.381
69 0.135 0.095 0.419 0.604 3.156
70 0.240 0.149 0.581 0.583 7.688
71 0.508 0.036 0.122 0.372 4.861
72 0.122 0.059 0.391 0.509 2.676
73 0.222 0.122 0.516 0.784 3.139
74 0.218 0.247 0.458 0.607 5.178
75 0.184 0.102 0.564 0.564 1.445
76 0.176 0.084 0.461 0.596 1.258
77 0.104 0.069 0.348 0.556 2.634
78 0.079 0.040 0.231 0.517 4.473
79 0.208 0.132 0.525 0.650 2.674
80 0.300 0.146 0.578 0.826 8.984
81 0.233 0.100 0.519 0.657 5.852
82 0.080 0.053 0.244 0.406 4.121
83 0.232 0.075 0.382 0.571 1.757
84 0.262 0.100 0.496 0.656 9.962
85 0.090 0.097 0.282 0.429 2.546
86 0.979 0.070 0.351 0.516 2.812
87 0.141 0.126 0.366 0.558 1.275
88 0.249 0.134 0.599 0.625 7.556
89 0.041 0.033 0.148 0.337 4.838
90 0.162 0.086 0.453 0.551 1.343
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91 0.176 0.053 0.337 0.503 1.459
92 0.156 0.106 0.509 0.643 1.082
93 0.162 0.111 0.442 0.608 0.942
94 0.104 0.070 0.371 0.526 2.618
95 0.201 0.101 0.395 0.660 1.904
96 0.166 0.178 0.512 0.596 6.266
97 0.087 0.041 0.207 0.424 3.706
98 0.036 0.025 0.139 0.442 4.507
99 0.051 0.053 0.205 0.436 4.549
100 0.035 0.089 0.178 0.482 3.904
101 0.087 0.043 0.171 0.508 4.197
102 0.164 0.159 0.370 0.514 2.205
103 0.240 0.190 0.595 0.619 5.631
104 0.231 0.109 0.563 0.568 7.915
105 0.348 0.283 0.613 0.969 18.032
106 0.268 0.227 0.641 0.639 16.258
107 0.230 0.099 0.549 0.549 6.986
108 0.232 0.154 0.545 0.678 6.530
109 0.157 0.086 0.426 0.611 2.757
110 0.129 0.122 0.367 0.516 0.915
mean 0.143 0.090 0.352 0.542 4.474
std 0.119 0.054 0.148 0.109 2.967
min 0.035 0.025 0.119 0.337 0.662
max 0.979 0.283 0.641 0.969 18.032
Table A.3: Detailed Results for BLM Estimator
Trial roll (rad) pitch (rad) vx (m/s) vy (m/s) vz (m/s)
1 0.157 0.050 0.197 0.318 0.179
2 0.039 0.052 0.260 0.303 0.187
3 0.059 0.104 0.260 0.353 0.106
4 0.099 0.122 0.211 0.363 0.198
5 0.056 0.039 0.228 0.363 0.119
6 0.125 0.051 0.264 0.427 0.205
7 0.048 0.035 0.269 0.397 0.178
8 0.049 0.034 0.328 0.344 0.117
9 0.047 0.040 0.188 0.381 0.114
10 0.052 0.030 0.271 0.401 0.176
11 0.075 0.048 0.305 0.338 0.220
12 0.058 0.053 0.146 0.277 0.138
13 0.041 0.033 0.166 0.265 0.125
14 0.043 0.037 0.157 0.309 0.112
15 0.047 0.034 0.190 0.319 0.104
16 0.051 0.029 0.204 0.338 0.122
17 0.075 0.053 0.311 0.390 0.114
18 0.039 0.030 0.140 0.309 0.095
19 0.056 0.036 0.226 0.362 0.129
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20 0.058 0.044 0.438 0.344 0.115
21 0.051 0.053 0.196 0.251 0.165
22 0.040 0.039 0.244 0.295 0.108
23 0.051 0.039 0.202 0.364 0.127
24 0.056 0.133 0.248 0.344 0.140
25 0.064 0.037 0.242 0.363 0.135
26 0.129 0.157 0.467 0.482 0.142
27 0.135 0.084 0.499 0.377 0.182
28 0.068 0.117 0.288 0.345 0.098
29 0.167 0.149 0.469 0.441 0.176
30 0.256 0.153 0.565 0.515 0.204
31 0.092 0.056 0.363 0.331 0.204
32 0.099 0.167 0.367 0.267 0.144
33 0.082 0.060 0.377 0.338 0.155
34 0.082 0.064 0.285 0.326 0.123
35 0.154 0.099 0.419 0.416 0.211
36 0.180 0.125 0.476 0.477 0.225
37 0.151 0.075 0.510 0.408 0.214
38 0.161 0.121 0.436 0.442 0.257
39 0.135 0.074 0.383 0.330 0.237
40 0.072 0.052 0.290 0.336 0.144
41 0.070 0.052 0.287 0.366 0.168
42 0.156 0.121 0.498 0.436 0.172
43 0.153 0.087 0.417 0.423 0.217
44 0.225 0.182 0.473 0.563 0.190
45 0.121 0.047 0.252 0.372 0.195
46 0.068 0.048 0.319 0.350 0.146
47 0.051 0.046 0.243 0.324 0.117
48 0.103 0.074 0.335 0.379 0.144
49 0.081 0.066 0.268 0.399 0.162
50 0.126 0.074 0.342 0.375 0.200
51 0.200 0.116 0.420 0.453 0.195
52 0.138 0.134 0.364 0.448 0.199
53 0.145 0.079 0.240 0.364 0.117
54 0.107 0.051 0.262 0.325 0.159
55 0.076 0.047 0.333 0.368 0.129
56 0.068 0.104 0.395 0.400 0.156
57 0.165 0.092 0.435 0.460 0.187
58 0.228 0.117 0.487 0.421 0.197
59 0.210 0.116 0.486 0.484 0.155
60 0.209 0.138 0.541 0.511 0.221
61 0.223 0.091 0.484 0.487 0.212
62 0.211 0.153 0.601 0.517 0.239
63 0.215 0.050 0.269 0.389 0.205
64 0.051 0.037 0.190 0.318 0.200
65 0.047 0.034 0.159 0.334 0.129
66 0.035 0.040 0.156 0.334 0.115
67 0.124 0.044 0.223 0.352 0.131
68 0.055 0.027 0.282 0.369 0.145
69 0.131 0.088 0.429 0.443 0.188
70 0.214 0.106 0.476 0.479 0.210
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71 0.519 0.056 0.146 0.270 0.172
72 0.142 0.060 0.443 0.409 0.218
73 0.185 0.123 0.623 0.528 0.209
74 0.157 0.236 0.456 0.406 0.202
75 0.192 0.071 0.512 0.528 0.214
76 0.159 0.062 0.465 0.463 0.222
77 0.101 0.069 0.385 0.400 0.228
78 0.074 0.033 0.221 0.375 0.115
79 0.198 0.135 0.450 0.530 0.180
80 0.216 0.131 0.443 0.526 0.236
81 0.206 0.070 0.480 0.472 0.276
82 0.078 0.053 0.237 0.288 0.201
83 0.250 0.065 0.361 0.430 0.195
84 0.219 0.076 0.428 0.482 0.221
85 0.084 0.055 0.274 0.304 0.168
86 0.095 0.066 0.403 0.419 0.147
87 0.131 0.134 0.336 0.422 0.153
88 0.231 0.111 0.526 0.502 0.173
89 0.049 0.039 0.167 0.253 0.139
90 0.160 0.075 0.429 0.478 0.172
91 0.206 0.057 0.326 0.397 0.153
92 0.148 0.091 0.501 0.448 0.157
93 0.144 0.113 0.471 0.453 0.146
94 0.106 0.063 0.377 0.386 0.151
95 0.157 0.098 0.386 0.442 0.174
96 0.158 0.166 0.496 0.503 0.165
97 0.120 0.047 0.236 0.380 0.170
98 0.040 0.026 0.188 0.306 0.103
99 0.068 0.048 0.244 0.322 0.134
100 0.070 0.125 0.210 0.342 0.101
101 0.128 0.096 0.210 0.356 0.114
102 0.141 0.163 0.401 0.379 0.205
103 0.197 0.164 0.533 0.486 0.239
104 0.197 0.094 0.537 0.469 0.208
105 0.167 0.226 0.522 0.572 0.201
106 0.243 0.199 0.601 0.516 0.187
107 0.215 0.065 0.449 0.491 0.224
108 0.189 0.129 0.453 0.499 0.258
109 0.104 0.070 0.260 0.367 0.220
110 0.129 0.131 0.347 0.385 0.167
mean 0.126 0.083 0.348 0.396 0.171
std 0.073 0.046 0.124 0.074 0.042
min 0.035 0.026 0.140 0.251 0.095
max 0.519 0.236 0.623 0.572 0.276
Table A.4: Detailed Results for Proposed-β Estimator
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Trial roll (rad) pitch (rad) vx (m/s) vy (m/s) vz (m/s)
1 0.171 0.526 6.110E+12 1.110E+15 1.370E+10
2 0.027 0.040 0.250 0.121 0.196
3 0.151 0.168 4.356 3.855 13.825
4 0.067 0.127 0.260 0.142 0.215
5 0.029 0.026 0.224 0.098 0.116
6 - - - - -
7 0.030 0.025 0.275 0.127 0.201
8 0.033 0.026 0.342 0.093 0.133
9 0.029 0.030 0.120 0.096 0.126
10 0.038 0.026 0.293 0.092 0.191
11 0.045 0.041 0.401 0.224 0.242
12 0.189 0.171 0.448 1.179 2.743
13 0.030 0.022 0.120 0.064 0.136
14 0.024 0.026 0.145 0.072 0.127
15 0.028 0.026 0.205 0.074 0.120
16 0.033 0.022 0.206 0.068 0.129
17 0.412 0.532 22.733 31.363 3.390E+03
18 0.028 0.023 0.149 0.057 0.116
19 - - - - -
20 0.043 0.030 0.454 0.142 0.141
21 0.032 0.035 0.200 0.105 0.183
22 0.032 0.028 0.254 0.086 0.118
23 0.034 0.028 0.248 0.126 0.134
24 0.037 0.081 0.193 0.109 0.144
25 0.042 0.023 0.196 0.083 0.148
26 0.095 0.123 0.437 0.312 0.148
27 0.097 0.063 0.630 0.202 0.208
28 0.045 0.090 0.301 0.128 0.110
29 0.122 0.102 0.529 0.169 0.174
30 - - - - -
31 0.068 0.046 0.458 0.134 0.214
32 0.064 0.111 0.407 0.171 0.163
33 0.049 0.060 0.452 0.219 0.192
34 0.058 0.055 0.278 0.088 0.132
35 0.120 0.102 0.441 0.264 0.247
36 0.423 0.656 5.337 5.541 333.382
37 0.114 0.070 0.599 0.166 0.221
38 0.139 0.114 0.388 0.142 0.310
39 0.105 0.068 0.576 0.232 0.273
40 0.065 0.053 0.271 0.083 0.162
41 0.049 0.043 0.299 0.136 0.180
42 0.108 0.091 0.594 0.258 0.174
43 0.114 0.079 0.509 0.140 0.242
44 0.778 1.068 75.194 53.549 2.770E+03
45 0.070 0.037 0.383 0.136 0.222
46 0.041 0.035 0.327 0.145 0.159
47 0.035 0.032 0.340 0.089 0.132
48 0.177 0.133 0.456 0.274 10.452
49 0.087 0.091 0.354 0.206 0.184
52
50 0.097 0.062 0.365 0.137 0.232
51 0.173 0.143 0.466 0.281 0.231
52 0.105 0.120 0.339 0.229 0.229
53 0.104 0.072 0.194 0.080 0.148
54 0.084 0.038 0.270 0.228 0.188
55 0.053 0.038 0.359 0.118 0.146
56 0.053 0.077 0.490 0.221 0.166
57 0.129 0.074 0.543 0.248 0.204
58 - - - - -
59 - - - - -
60 0.205 0.180 0.727 0.377 0.282
61 0.178 0.077 0.598 0.168 0.238
62 0.182 0.171 0.722 0.333 0.307
63 - - - - -
64 0.035 0.022 0.149 0.066 0.211
65 0.031 0.027 0.107 0.063 0.148
66 0.025 0.028 0.098 0.081 0.128
67 0.130 0.075 0.391 0.648 0.227
68 0.035 0.018 0.278 0.100 0.156
69 0.094 0.074 0.459 0.323 0.212
70 0.184 0.093 0.408 0.208 0.249
71 0.505 0.039 0.201 0.106 0.469
72 0.084 0.046 0.622 0.183 0.250
73 0.142 0.150 0.738 0.440 0.241
74 0.137 0.188 0.586 0.284 0.252
75 0.153 0.064 0.616 0.218 0.248
76 0.129 0.047 0.537 0.217 0.271
77 0.077 0.055 0.473 0.178 0.238
78 0.063 0.027 0.185 0.133 0.147
79 0.152 0.103 0.538 0.240 0.209
80 0.201 0.144 0.531 0.269 0.286
81 0.175 0.086 0.540 0.248 0.337
82 0.116 0.192 0.495 0.167 0.232
83 - - - - -
84 0.214 0.136 0.601 0.330 0.264
85 0.061 0.039 0.288 0.110 0.186
86 0.073 0.052 0.514 0.276 0.174
87 0.091 0.098 0.377 0.244 0.169
88 - - - - -
89 0.234 0.261 2.688 2.783 1.152
90 0.121 0.068 0.535 0.312 0.179
91 - - - - -
92 0.111 0.080 0.539 0.237 0.187
93 0.110 0.090 0.525 0.209 0.172
94 0.078 0.050 0.453 0.216 0.169
95 0.127 0.086 0.437 0.162 0.213
96 0.247 0.257 1.178 1.592 0.558
97 0.142 0.140 0.428 0.251 0.677
98 - - - - -
99 0.054 0.068 0.246 0.166 0.146
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100 0.287 0.286 1.600E+10 7.460E+09 4.160E+06
101 0.154 0.132 2.785 3.121 8.376
102 0.103 0.120 0.370 0.201 0.220
103 0.155 0.129 0.557 0.237 0.297
104 0.170 0.081 0.543 0.277 0.267
105 0.150 0.222 0.320 0.182 0.267
106 0.235 0.243 0.739 0.434 0.242
107 0.179 0.060 0.497 0.294 0.255
108 0.155 0.104 0.403 0.191 0.350
109 0.094 0.069 0.289 0.242 0.313
110 0.109 0.072 0.331 0.125 0.187
mean 0.119 0.109 61248480002 1.106E+13 137171687
std 0.107 0.141 6.109E+11 1.106E+14 1371295852
min 0.024 0.018 0.098 0.057 0.110
max 0.778 1.068 6.109E+12 1.106E+15 13713000000
Table A.5: Detailed Results for Proposed-µ Estimator
Trial roll (rad) pitch (rad) vx (m/s) vy (m/s) vz (m/s)
1 0.115 0.048 0.208 0.271 0.172
2 0.041 0.057 0.256 0.303 0.187
3 0.041 0.088 0.263 0.351 0.104
4 0.100 0.060 0.191 0.368 0.197
5 0.038 0.037 0.227 0.356 0.116
6 0.116 0.054 0.270 0.418 0.211
7 0.041 0.038 0.273 0.393 0.177
8 0.039 0.034 0.327 0.339 0.119
9 0.043 0.045 0.198 0.376 0.115
10 0.047 0.031 0.275 0.397 0.177
11 0.060 0.048 0.312 0.332 0.218
12 0.050 0.046 0.154 0.276 0.140
13 0.039 0.031 0.170 0.270 0.126
14 0.034 0.032 0.158 0.304 0.112
15 0.038 0.033 0.197 0.316 0.104
16 0.042 0.033 0.209 0.325 0.122
17 0.078 0.084 0.320 0.382 0.115
18 0.037 0.036 0.149 0.304 0.095
19 0.058 0.032 0.231 0.364 0.130
20 0.056 0.046 0.443 0.338 0.116
21 0.047 0.049 0.196 0.252 0.165
22 0.041 0.033 0.244 0.289 0.108
23 0.044 0.037 0.210 0.355 0.127
24 0.050 0.104 0.214 0.343 0.139
25 0.055 0.041 0.242 0.360 0.135
26 0.126 0.146 0.436 0.498 0.135
27 0.120 0.086 0.507 0.369 0.183
28 0.061 0.091 0.297 0.336 0.096
29 0.164 0.111 0.489 0.434 0.167
30 0.235 0.175 0.507 0.475 0.190
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31 0.089 0.057 0.370 0.317 0.201
32 0.091 0.063 0.354 0.270 0.149
33 0.066 0.066 0.386 0.326 0.155
34 0.081 0.066 0.284 0.319 0.123
35 0.154 0.101 0.416 0.414 0.211
36 0.184 0.155 0.462 0.462 0.238
37 0.148 0.076 0.532 0.360 0.213
38 0.195 0.139 0.461 0.466 0.258
39 0.130 0.077 0.402 0.354 0.236
40 0.079 0.056 0.285 0.329 0.144
41 0.062 0.052 0.290 0.348 0.168
42 0.135 0.116 0.503 0.438 0.172
43 0.145 0.092 0.429 0.386 0.216
44 0.227 0.188 0.495 0.536 0.178
45 0.097 0.046 0.268 0.347 0.195
46 0.053 0.044 0.319 0.340 0.144
47 0.046 0.040 0.243 0.313 0.116
48 0.092 0.086 0.336 0.358 0.144
49 0.085 0.166 0.362 0.399 0.182
50 0.119 0.069 0.357 0.354 0.199
51 0.209 0.129 0.390 0.427 0.196
52 0.156 0.148 0.366 0.466 0.201
53 0.144 0.081 0.250 0.350 0.117
54 0.077 0.044 0.256 0.307 0.161
55 0.068 0.046 0.343 0.352 0.129
56 0.063 0.078 0.373 0.385 0.155
57 0.162 0.091 0.455 0.438 0.183
58 0.221 0.120 0.510 0.439 0.196
59 0.187 0.123 0.479 0.455 0.147
60 0.207 0.149 0.513 0.495 0.214
61 0.223 0.102 0.501 0.477 0.212
62 0.222 0.167 0.575 0.505 0.231
63 0.161 0.045 0.275 0.342 0.202
64 0.045 0.035 0.192 0.312 0.199
65 0.044 0.035 0.164 0.324 0.129
66 0.034 0.036 0.155 0.329 0.116
67 0.081 0.036 0.226 0.337 0.134
68 0.043 0.028 0.290 0.359 0.146
69 0.119 0.094 0.428 0.432 0.182
70 0.226 0.131 0.495 0.461 0.210
71 0.509 0.046 0.147 0.265 0.171
72 0.117 0.055 0.461 0.380 0.218
73 0.176 0.135 0.601 0.525 0.205
74 0.167 0.134 0.394 0.382 0.168
75 0.187 0.081 0.537 0.480 0.203
76 0.155 0.062 0.451 0.424 0.217
77 0.094 0.065 0.382 0.398 0.224
78 0.078 0.036 0.223 0.382 0.118
79 0.191 0.113 0.461 0.480 0.173
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80 0.231 0.149 0.449 0.456 0.231
81 0.193 0.090 0.492 0.440 0.271
82 0.069 0.056 0.251 0.282 0.204
83 0.202 0.073 0.361 0.420 0.194
84 0.221 0.096 0.429 0.434 0.209
85 0.076 0.069 0.283 0.293 0.168
86 0.090 0.067 0.414 0.415 0.145
87 0.124 0.127 0.350 0.400 0.148
88 0.223 0.129 0.549 0.452 0.170
89 0.039 0.032 0.174 0.243 0.139
90 0.147 0.075 0.423 0.449 0.170
91 0.163 0.046 0.317 0.356 0.144
92 0.139 0.099 0.509 0.430 0.158
93 0.138 0.112 0.465 0.433 0.146
94 0.095 0.062 0.388 0.370 0.150
95 0.167 0.100 0.401 0.423 0.176
96 0.159 0.155 0.463 0.514 0.152
97 0.088 0.042 0.232 0.347 0.173
98 0.060 0.027 0.191 0.349 0.104
99 0.074 0.069 0.251 0.307 0.152
100 0.048 0.086 0.194 0.342 0.103
101 0.092 0.061 0.215 0.354 0.112
102 0.142 0.156 0.393 0.377 0.195
103 0.198 0.162 0.518 0.471 0.236
104 0.196 0.095 0.519 0.427 0.207
105 0.238 0.263 0.527 0.628 0.207
106 0.245 0.247 0.634 0.535 0.190
107 0.214 0.073 0.458 0.467 0.220
108 0.202 0.135 0.464 0.498 0.258
109 0.131 0.068 0.277 0.378 0.225
110 0.119 0.088 0.354 0.349 0.156
mean 0.120 0.083 0.351 0.384 0.169
std 0.074 0.047 0.123 0.072 0.041
min 0.034 0.027 0.147 0.243 0.095
max 0.509 0.263 0.634 0.628 0.271
Table A.6: Detailed Results for Proposed Estimator
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